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Summary

For simulationof numericalproblems,meshlessnethodshave emegedasan alternatve to meshbased
methodsandbecomepopulardueto severalreasonsPrimarily, meshgeneratioris a difficult problem,Also
thesemethodshave generateghromisingresultsin theaccurag of thesimulations.Similarto meshgeneration
problems meshlessnethodsalsoinducechallenginggeometrigproblems.Partition of Unity Method(PUM)
is one of the meshlessnethodsthatis basedon the definition of overlappingpatchescovering the domain.
Someoverlapamongthe patchess required. Thesepatcheshouldoverlapto cover the domain,however, it
shouldnot beto the extendthatdeteriorateshe accurag. Also ary singlepointin thedomainshouldnot be
coveredby morethana certainnumberof patches.We formalizethis criteriato definea goodpoint setfor
meshlessnethodsn the secondsectionthe paper

Earlierimplementationemployedarbitrarypointsetgeneratiorwhich couldnotsupportrequiredstructure
of PUM. Thealternatve "'meshfree” approachusesa meshto obtainthe point set.

Biting Methodis an adwancingfront techniquethat generates goodspherepacking[6]. The centersof
the spheresa well-spacedoint set,canin turn be usedto generate provably goodsimplicial mesh.In this
study we usethis approacho generatea goodpoint setfor meshlessnethods.However, insteadof relating
theradii of the spheresvith the meshspacingfunction,sizeof the spheregpatches)s definedby the support
functionandtheoverlapcriteriadescribedabore. We prove thatbiting methodcanbe usedto generatea good
point setfor meshlessnethods.

Intr oduction

MeshlessMethods Due to the diffculty of the meshgeneratiorprolbem,alternatve approaches$or sim-

ulation of the numericalproblemsare sought. Meshlessnethodseliminatesthe needfor a meshstructure,
attemptgo solve the numericalproblemsby constructinghe approximationon the nodebasedpatchescov-

ering the domain. During the last decade several of meshlessnethodsare proposedncluding Partition of

Unity Method[1] andelement-fregsalerkinmethod[2]. SeeBelytschio etal. for anexcellentreview of the
meshlessnethods.

Previous Approaches Despitethe variety of the meshlessnethods point setgeneratiorproblemdid not

take enoughconsiderationindeedmary of the implementation&mploy meshgeneratiorpackagesanduse
the point setof a mesh. Recentstudiesto generateoint setfor the meshlessnethodsncludeoctreebased
approachby KlaasandShephard5]. They usea level oneadjustedoctree,i.e. the level differencebetween
terminaloctantsandtheir neighborss no morethanone,partitionof the domain.Cornernodesof the octants
defineghepointsettogethemwith the patcheslefinedoy thesumof all octantssharingaparticularcornemode.
Anotherapproachyy ChoiandKim [4] usesVoronoidiagramandweightedbuble packing. Our approachs

similar to thesecondnein usingsphericaklementgo definethe patches.



Biting Method Introducedby Li, Teng,andUngor a provably goodsimplicial meshgeneratioralgorithm,
[6, 7, 8]. It usesanadwancingfront stratey to generatexa goodspheregpacking. The centersof the spheresa
well-spacedoint set,canin turn be usedto generatea provably goodtetrahedramesh.In this study we use
this approacho generatea goodpoint setfor meshlessnethods However, insteadof relatingthe radii of the
spheresvith the meshspacingfunction, size of the spheregpatches)s definedby the supportfunctionand
theoverlapcriteriadescribedabove.

Outline Thefollowing sectiondefinesthe problemformally. Next analgorithmis givento generatea good
pointssetfor the meshlessnethods. The quality of the point setis provedin thefifth section.

Problem Definition

Quiality of theelementss very critical for numericalmethodsasit hashugeimpactontheaccurayg of the
simulation. The shapeandsizecriteriaarewell studiedfor meshbasednethods However, thereis nowidely
agreedcriteria on the quality of a point setfor the meshlessnethods. Variousgeometricshapegincluding
spheresrectanglessimple polygons)are usedasthe patchesattachedo eachpoint describingthe domain
of influencefor that point. The size andshapeof the patchegogetherwith the amountof overlapbetween
the patchesffectsthe accurag of the numericalsimulation. Following definition formalizesthe criteriafor
a goodpoint set. For proximity reasonsthe domainof influenceshapegpatchshape)s choseno besphere.
For flow problemswhereanisotropy in the domainis important,this definitioncanbe modifiedto useellipse
shapedatches.

Definition [Good Point Setfor MeshlessMethods] Givena domain(2, we call a setof points P, Good
Point Setfor MeshlesdMethodsf it satisfieghefollowing criteria:

1. Eachpointz € P is associatedvith a spherecenteredn x andhave aradiusrelatedto the sizeof the
supportfunctionatx. Let S bethesetof spheresorrespondingo the pointsin P.

2. Thespheresn S coverthewholedomains, i.e. ary pointz in thedomainD is containedn atleastone
spheran S.

3. Thesizeof theintersectiorbetweertwo overlappingspheresn S is boundedrom above by a constant
factorof the sizeof thesmallersphere.

4. Any singlepointin thedomainS) shouldnot be coveredby morethana certainnumberof spheresn S.

The size of the domainof influencediffersthroughout the domaindueto numericalaccurag or domain
geometry We usea spacingfunctionto denotehow big a patchshouldbe at a particularpointin thedomain.
Thisis analagouso the globalspacingunctionusedin the meshingversionof thebiting algorithm][6].

Definition [SpacingFunction] Letx beapointin thedomain(2, spacingunction, f (x), denoteshesizeof
thedomainof influenceat x.

Thefollowing assumptiormbouthow fastthis functionchangegrom pointto pointin thedomainprovides
thetheoreticabasefor our claims.



Definition [Lipschitz Property] A function f() is Lipscditz with a coeficiencya if for ary two pointsx, y
inthedomain,|f(x) — f(y)| < aflx —yl|.

We assumehat given spacingfunctionis a-Lipschitz for someconstania. Now the questionis how to
generatesuchatheoreticallygoodpoint set.

Algorithm

This sectionadaptghe Biting Methodto generatea good point setfor the meshlessnethods.Originally
biting methodis designedo generate spheregpacking,whichin turnis usedto generata well-shapednesh,
i.e. thecircumradius-to-shortest-edggio of every elemenin the meshis boundedrom above by a constant.
It usestwo typesof sphereshiting spheresand packingspheres.They are centeredat the samepointsx,
and have differentradii: biting spherehasradiusC, f(x), whereC} is the biting constantspecifiedby the
userof the algorithm. Packingsphereat x hasradiusC, f(x), whereC, = ﬁ;a Thereadetis referredto
[6, 7, 8] for detaileddiscussiorof thesetwo typesof spheres.For meshgeneratiompurposesbiting spheres
areusedto coverthedomainthusfor generatinggoodspheregpacking,packingspheresreusedto provide the
theoreticalguality guaranteeln the actualbiting methodimplementationpackingspheresrenever created.
For Meshlessnethodsthebiting spheresenteredn thegenerateghoint setareusedto definethe patches.
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Figure 1: lllustration of the biting scheme:(a) initial PSLG domain; (b) bitesonly on the verticesof the
polygon; (c) bitesalongthe boundary;(d) biting of anotherlayer towardsthe interior; (e) whole domainis
coveredby thebiting spheres.
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Algorithm Bi ti ng
1. Lettheboundaryof thedomainbetheinitial front, seeFigurel (a);

2. [Points onthe original Vertices] Bite all theinputverticesby remaoving theirbiting spheres
from theinterior of thedomain,seeFigurel (b);

Modify the front which becomesa setof sggmentsandarcs. Segmentsarerepresentedy
theendpointsandarcsarerepresentetly the centerof thebiting sphere.
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3. [Points on the Edges] Bite spheresenteredn theinput boundary:choosea vertex x on
thefront andremove its biting sphere Wheneer possible we choosex on theintersection
of somebittenspheresvith theinitial boundaryseeFigurel (c).

Modify thefront by introducingthearcof thenew biting spheresandremoving theintersec-
tion of it with thefront.

Repeauntil all initial inputboundariesrebitten;

4. [Pointsin the Interior of the Domain]: Chooseavertex x onthefrontandremoveits biting
sphereseeFigurel (d) and(e);
Modify thefront by introducingthe arcof the new biting sphereandremoving theintersec-
tion of it with thefront.

Repeauntil theadvancingfront is empty

If theinputis 3 dimensionatlomain,we needaddonestepafterthe 37 step:keepbiting all biting speres
centeredn theinitial input boundaryfacesandmodify theadvancingfront.

Guaranteefor a Good Point Set

To providethequality guaranteéor thepointset,wewill discusgheachiazementof thealgorithmin terms
of the quality criteriagivenin the secondsection.Dueto the choiceof the spacingfunction, thefirst criterion
abouttherelationof the patchegspheresyith the point setis satisfied.Also it is very clearfrom the flow of
thealgorithmthatthereis no pointin the domainthatis not coveredby at leastonepatch. For simplicity, let
B(x,r) bethespherecenteredatx with radiusr. For therestof the criteriawe prove thefollowing lemma.

Lemma0.1(Sizeof the Overlap) Thesizeoftheoverlappingregionbetweeranytwospheesin S is bounded
fromabove by a constantactor of the sizeof the smallersphee.

Proof: We prove thelemmaby proving thatfor any two overlappediting spheresenteredat pointsx andy,
thereis aconstanfactorof onespherawvhichis notcoveredby theother For any two pointsx andy generated
by the biting method,with no lossof generalitysupposex is bittenbeforey. If C,f(x) > C,f(y), thenthe
proof is immediatesincethe intersectionareawould be lessthanhalf the size of eithersphere.In the other
casewe needto prove thatthesizeof B(x, C, f(x)) not coveredby B(y, C,f(y)) hasalowerbound.Since
x is bittenearlierthany, ||x — y|| > C, f(x).

Let uv bethediameterof B(x, Cyf(x)) online xy, u beingon the oppositesideof y. Multiplying the
Lipschitzinequalityby theconstanC}, wegetCy f (y) < Cyf (x)+aCy||x—yl|. Thelengthof uv notcovered
by sphereB(y, cs f(y)) is||x —y||+Cy f (x) — Cyf (y), whichis atleast(1 —aCy)||x—y|| > Cy(1—aCy) f(x).

Hence atleast(1=2%)? factorof theareaof B(x, Cy f (x)) is notcoveredby B(y, Cyf (y)). O

Lemma 0.2 (ConstantPly) AlgorithmBi t i ng geneiatesa point setS, that hasthe constantply property
In otherwords, there existsa constantt sud thatfor everypointy € (2, there are at mostk biting balls that
coversy.

Proof: We usethe notion of packingspheresn orderto prove this lemma. Packing spheresio not overlap

andhence thereareonly a constanhumberof packingspheresn a neihgborhoodf a pointin the domain.

We considerary y € 2, andlet B(x1,Cyf(x1)), B(x2, Cyf (X2)), - - -, B(xs, Cy f (x¢)) bethebiting ballsthat

covery. Weassumehattheball B(x;, C, f (x;)) is bittenbeforetheball B(x;,1, Cy f(x;41)),forall 1 <i < t.
Asy € B(x;,Cyf(x;)), wehave||x; — y|| < Cpf(x;). And f() is a-Lipschitzimpliesthat

—aGyf(xi) < —allx; -yl < f(x) = f(y) < allxi =yl < aCpf(x).
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Thenwe haveforall 1 <3 <, ) v)
Iy fly
1+ aCy — f(XZ) —1—aCy

which implies that ||x; — y|| < 1_(;”% (y). In otherwords,for all 1 < i < t, x; is inside the ball
B(y, =25 f(y))-

As B(x;,Cyf(x;)) is bitten beforethe ball B(x;, Cyf(x;)), forall1 < i < j < t. We have for all
1< <j <1, |x; — x;]| > Cpf(x;). And f() is a-Lipschitzimpliesthat f (x;) < f(x;) + «|[x; — x;||. Let
C, = we have

2+aC !
Cpf (xi) + Cpf (x5) < 20, f(xi) + aCy|xi — x| = [|x; — x5

In otherwords,for all 1 < i < j <, theinteriorof balls B(x;, C, f (x;)) andB(x;, C, f(x,)) donotoverlap.
Noticethatfor all 1 < i < ¢, theball B(x;, C, f(x;)) is insidethe ball B(y, 1_(;;’1017 (y) + Cpf(x4)). As

Fxi) < LY weknow that B(y, &4 f(y)) alsocoversball B(x;, C, f (x;)) forall 1 < i < .

1—aCy
As thelntenorof balls B(x;, C, f(x;)), 1 < i < t donotoverlap,and f(x;) > 1’;% , we have
Cy + Cp Cp 9
2> 2> )
(e W) > 3 #(Cof ) 2 tn( W)
It impliesthat
t < ((1 + aCy)(Cy + Cp))Q‘
Cp(l — aCb)

O
If theinputis threedimensionaldomain,thenwe have the similar proof by usingthe volume argument.
Also in orderto have thesetheoreticalguaranteemake sense(, mustbechosersuchthataCy < 1.
Following from theabove lemmaswe have the maintheorenof our paper

Theorem 0.3 (Good Point SetGuarantee) Algorithm Biting geneatesa good point setfor the meshless
methods.

Conclusion

A setof geometriccriteriato definea goodpoint setfor the meshlessnethodss given. An algorithm,Biting
methodlis proposedo generatesucha point set.Next stepis to testthe performancef our theoreticallygood
algorithm,couplingit with ameshlessnethod.

A Practical Variation. Maintaininganadwancingfront of arcsandcomputingtheintersection®f themcan
betime consumingAs a practicalversionof thealgorithm,onecanusesquare®r rectanglessthe patches.

Adaptation. Adaptuity is a lot easierwith the meshlessnethods,as one doesnot needto maintainthe
topologyof the mesh.However, maintainingthe quality of the point setis still anissuewhich canbeachiered
by maintaininga spheregpacking.Whenthe pointsaremovedandbiggergapsareintroducedthedomaincan
beoversample@dndthenthe points,whosesphere®verlaptoo much,canbeeliminated.



Anisotropy. Anisotropy becomesmportantwhenthereis a multiple length-scalgghenomenoinvolvedin
the problems suchasshearbandingstrainlocalizationor compositematerials.Definition of a goodpoint set
givenin the secondsectioncaneasilymodifiedusingellipseshapedgatchego cover thesetypesof problems.
Pointsetgeneratiorof suchproblemscanemploy ellipsepackingbiting method[8].
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