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Summary

For simulationof numericalproblems,meshlessmethodshave emergedasan alternative to meshbased
methodsandbecomepopulardueto severalreasons.Primarily, meshgenerationis a difficult problem,Also
thesemethodshavegeneratedpromisingresultsin theaccuracy of thesimulations.Similar to meshgeneration
problems,meshlessmethodsalsoinducechallenginggeometricproblems.Partition of Unity Method(PUM)
is oneof the meshlessmethodsthat is basedon the definition of overlappingpatchescovering the domain.
Someoverlapamongthepatchesis required.Thesepatchesshouldoverlapto cover thedomain,however, it
shouldnot beto theextendthatdeterioratestheaccuracy. Also any singlepoint in thedomainshouldnot be
coveredby morethana certainnumberof patches.We formalizethis criteria to definea goodpoint setfor
meshlessmethodsin thesecondsectionthepaper.

Earlierimplementationsemployedarbitrarypointsetgenerationwhichcouldnotsupportrequiredstructure
of PUM. Thealternative ”meshfree” approachusesameshto obtainthepoint set.

Biting Methodis anadvancingfront techniquethat generatesa goodspherepacking[6]. Thecentersof
thespheres,a well-spacedpoint set,canin turn beusedto generatea provably goodsimplicial mesh.In this
study, we usethis approachto generatea goodpoint setfor meshlessmethods.However, insteadof relating
theradii of thesphereswith themeshspacingfunction,sizeof thespheres(patches)is definedby thesupport
functionandtheoverlapcriteriadescribedabove. Weprovethatbiting methodcanbeusedto generateagood
point setfor meshlessmethods.

Intr oduction

MeshlessMethods Due to the diffculty of the meshgenerationprolbem,alternative approachesfor sim-
ulation of the numericalproblemsaresought. Meshlessmethodseliminatesthe needfor a meshstructure,
attemptsto solve thenumericalproblemsby constructingtheapproximationon thenodebasedpatchescov-
ering the domain. During the last decade,several of meshlessmethodsareproposedincluding Partition of
Unity Method[1] andelement-freeGalerkinmethod[2]. SeeBelytschko et al. for anexcellentreview of the
meshlessmethods.

Previous Approaches Despitethe variety of the meshlessmethods,point setgenerationproblemdid not
take enoughconsideration.Indeedmany of the implementationsemploy meshgenerationpackages,anduse
the point setof a mesh.Recentstudiesto generatepoint setfor the meshlessmethodsincludeoctreebased
approachby KlaasandShephard[5]. They usea level oneadjustedoctree,i.e. the level differencebetween
terminaloctantsandtheirneighborsis nomorethanone,partitionof thedomain.Cornernodesof theoctants
definesthepointsettogetherwith thepatchesdefinedby thesumof all octantssharingaparticularcornernode.
Anotherapproachby Choi andKim [4] usesVoronoidiagramandweightedbublepacking.Our approachis
similar to thesecondonein usingsphericalelementsto definethepatches.

1



Biting Method Introducedby Li, Teng,andÜngör a provably goodsimplicial meshgenerationalgorithm,
[6,� 7, 8]. It usesanadvancingfront strategy to generatea goodspherepacking.Thecentersof thespheres,a
well-spacedpoint set,canin turn beusedto generatea provablygoodtetrahedralmesh.In this study, we use
this approachto generatea goodpoint setfor meshlessmethods.However, insteadof relatingtheradii of the
sphereswith themeshspacingfunction,sizeof the spheres(patches)is definedby thesupportfunctionand
theoverlapcriteriadescribedabove.

Outline Thefollowing sectiondefinestheproblemformally. Next analgorithmis givento generatea good
pointssetfor themeshlessmethods.Thequalityof thepoint setis provedin thefifth section.

ProblemDefinition

Qualityof theelementsis verycritical for numericalmethodsasit hashugeimpacton theaccuracy of the
simulation.Theshapeandsizecriteriaarewell studiedfor meshbasedmethods.However, thereis nowidely
agreedcriteria on the quality of a point setfor the meshlessmethods.Variousgeometricshapes(including
spheres,rectangles,simplepolygons)areusedasthe patchesattachedto eachpoint describingthe domain
of influencefor that point. The sizeandshapeof the patchestogetherwith the amountof overlapbetween
thepatcheseffectstheaccuracy of thenumericalsimulation. Following definition formalizesthecriteria for
a goodpoint set. For proximity reasons,thedomainof influenceshape(patchshape)is chosento besphere.
For flow problems,whereanisotropy in thedomainis important,this definitioncanbemodifiedto useellipse
shapedpatches.

Definition [Good Point Set for MeshlessMethods] Given a domain � , we call a setof points � , Good
Point Setfor MeshlessMethodsif it satisfiesthefollowing criteria:

1. Eachpoint ����� is associatedwith a spherecenteredon 	 andhave a radiusrelatedto thesizeof the
supportfunctionat 	 . Let 
 bethesetof spherescorrespondingto thepointsin � .

2. Thespheresin 
 cover thewholedomain� , i.e. any point � in thedomainD is containedin at leastone
spherein 
 .

3. Thesizeof theintersectionbetweentwo overlappingspheresin 
 is boundedfrom aboveby a constant
factorof thesizeof thesmallersphere.

4. Any singlepoint in thedomain� shouldnot becoveredby morethanacertainnumberof spheresin 
 .

Thesizeof thedomainof influencediffersthroughout thedomaindueto numericalaccuracy or domain
geometry. We usea spacingfunctionto denotehow big a patchshouldbeat a particularpoint in thedomain.
This is analagousto theglobalspacingfunctionusedin themeshingversionof thebiting algorithm[6].

Definition [SpacingFunction] Let 	 beapoint in thedomain� , spacingfunction, �
��	�� , denotesthesizeof
thedomainof influenceat 	 .

Thefollowing assumptionabouthow fastthis functionchangesfrom point to point in thedomainprovides
thetheoreticalbasefor ourclaims.
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Definition [Lipschitz Property] A function �
��� is Lipschitzwith a coefficiency � if for any two points 	 , �
in� thedomain, ���
��	������
������� �!�"�#� 	$���%�#� .

We assumethat givenspacingfunction is � -Lipschitz for someconstant� . Now the questionis how to
generatesucha theoreticallygoodpoint set.

Algorithm

This sectionadaptstheBiting Methodto generatea goodpoint setfor themeshlessmethods.Originally
biting methodis designedto generateaspherepacking,which in turn is usedto generateawell-shapedmesh,
i.e. thecircumradius-to-shortest-edgeratioof everyelementin themeshis boundedfrom aboveby aconstant.
It usestwo typesof spheres,biting spheresandpackingspheres.They arecenteredat the samepoints 	 ,
andhave different radii: biting spherehasradius &(')����	�� , where &(' is the biting constantspecifiedby the
userof thealgorithm. Packingsphereat 	 hasradius &
*+�
��	�� , where &
*-, .0/1)243 .0/ . Thereaderis referredto
[6, 7, 8] for detaileddiscussionof thesetwo typesof spheres.For meshgenerationpurposes,biting spheres
areusedto cover thedomainthusfor generatinggoodspherepacking,packingspheresareusedto providethe
theoreticalquality guarantee.In theactualbiting methodimplementation,packingspheresarenever created.
For Meshlessmethods,thebiting spherescenteredon thegeneratedpoint setareusedto definethepatches.

.

(a) (b) (c)

(d) (e)

Figure1: Illustration of the biting scheme:(a) initial PSLGdomain; (b) bitesonly on the verticesof the
polygon; (c) bitesalongthe boundary;(d) biting of anotherlayer towardsthe interior; (e) whole domainis
coveredby thebiting spheres.

Algorithm Biting

1. Let theboundaryof thedomainbetheinitial front, seeFigure1 (a);

2. [Points on the original Vertices]: Bite all theinputverticesby removing theirbiting spheres
from theinteriorof thedomain,seeFigure1 (b);
Modify the front which becomesa setof segmentsandarcs. Segmentsarerepresentedby
theendpointsandarcsarerepresentedby thecenterof thebiting sphere.
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3. [Points on the Edges]: Bite spherescenteredon the input boundary:choosea vertex 	 on
thefront andremove its biting sphere.Whenever possible,we choose	 on theintersection
of somebittensphereswith theinitial boundary, seeFigure1 (c).

Modify thefront by introducingthearcof thenew biting spheresandremoving theintersec-
tion of it with thefront.

Repeatuntil all initial inputboundariesarebitten;

4. [Points in the Interior of the Domain]: Chooseavertex 	 onthefront andremoveits biting
sphere,seeFigure1 (d) and(e);

Modify thefront by introducingthearcof thenew biting sphereandremoving theintersec-
tion of it with thefront.

Repeatuntil theadvancingfront is empty.

If theinput is 3 dimensionaldomain,we needaddonestepafterthe 5+687 step:keepbiting all biting speres
centeredon theinitial inputboundaryfaces,andmodify theadvancingfront.

Guaranteefor a GoodPoint Set

To providethequalityguaranteefor thepointset,wewill discusstheachievementof thealgorithmin terms
of thequalitycriteriagivenin thesecondsection.Dueto thechoiceof thespacingfunction,thefirst criterion
abouttherelationof thepatches(spheres)with thepoint setis satisfied.Also it is very clearfrom theflow of
thealgorithmthatthereis no point in thedomainthat is not coveredby at leastonepatch.For simplicity, let9 ��	;:=<>� bethespherecenteredat 	 with radius< . For therestof thecriteriaweprove thefollowing lemma.

Lemma 0.1(Sizeof the Overlap) Thesizeof theoverlappingregionbetweenanytwospheresin 
 is bounded
fromabovebya constantfactorof thesizeof thesmallersphere.

Proof: We prove thelemmaby proving thatfor any two overlappedbiting spherescenteredatpoints 	 and � ,
thereis aconstantfactorof onespherewhichis notcoveredby theother. For any two points	 and � generated
by thebiting method,with no lossof generalitysuppose	 is bittenbefore � . If &(')�
��	��@?A&(')�
����� , thenthe
proof is immediatesincethe intersectionareawould be lessthanhalf the sizeof eithersphere.In the other
case,we needto prove thatthesizeof

9 ��	;:B&('8�
��	��C� not coveredby
9 ���D:=&('8�
���
�C� hasa lowerbound.Since

	 is bittenearlierthan � , �#� 	E�F�G�H� ?I&(')�
��	�� .
Let JLK be thediameterof

9 ��	;:B&(')����	��C� on line 	M� , J beingon theoppositesideof � . Multiplying the
Lipschitzinequalityby theconstant&(' , weget &(')�������D�N&('8�
��	��POQ��&('R�H� 	S�@�%�H� . Thelengthof JDK notcovered
by sphere

9 ���T:BUV')�
���
�C� is �H� 	"�W�G�H�XOY&('Z�
��	��[�\&('Z�
���
� , whichis atleast �^]_�\��&(')���H� 	"�W�G�H� ?I&('V�^]_�`��&('8�C�
��	�� .
Hence,at least �ba8c 3 . /1 � 1 factorof theareaof

9 ��	;:B&(')�
��	��d� is not coveredby
9 ���L:B&(')�
���
�C� . e

Lemma 0.2(ConstantPly) AlgorithmBiting generatesa point set 
 , that hasthe constantply property.
In otherwords,there existsa constantf such that for everypoint �g�h� , there are at most f biting balls that
covers iTj
Proof: We usethe notion of packingspheresin orderto prove this lemma. Packingspheresdo not overlap
andhence,thereareonly a constantnumberof packingspheresin a neihgborhoodof a point in thedomain.
We considerany �k�l�m: andlet

9 ��	 a :=&(')�
��	 a �d�V:
9 ��	 1 :B&(')�
��	 1 �C�n:bopopoP: 9 ��	rq8:B&(')�
��	sqt�d� bethebiting ballsthat

cover � . Weassumethattheball
9 ��	suZ:B&(')�
��	su��C� is bittenbeforetheball

9 ��	ru 2 a :B&(')�
��	su 2 a �C� , for all ]v�xwzy|{ .
As �F� 9 ��	ru8:B&('8����	su��d� , wehave �H� 	su_�F�G�#� �I&(')����	su�� . And �
��� is � -Lipschitzimpliesthat

�%��&('^�
��	su��D�}�%�G�H� 	su~�F�"�#� �N�
��	su����F�
�����(�I�G�#� 	su~�h�G�#� �I��&('8�
��	su��nj
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Thenwehave for all ]v�xwT�x{ , �
�����
]LOg��&(' �!�
��	su��D� �
���
�

]"����&(' :
which implies that �H� 	suD���"�#��� . /a8c 3 .0/ ������� . In other words, for all ]�� w|� { , 	su is inside the ball9 ���D: .0/a8c 3 .0/ �
���;�d�VjAs

9 ��	su8:B&('8�
��	su��d� is bitten beforethe ball
9 ��	~�+:=&(')�
��	_�P�C� , for all ]k��w�y��}��{ . We have for all

]`�IwLy����I{ , �H� 	su~�F	~�0�#��?!&(')�
��	su�� . And �
��� is � -Lipschitzimpliesthat �
��	_�P�S���
��	su��MO|�G�H� 	su~�h	_� �H� . Let
&
*�, .0/1)243 .0/ , wehave

&
*+�
��	su��MOg&
*�����	~�n�(�!�>&
*��
��	su���O���&
*��H� 	su~��	_� �H�[,��#� 	su~�h	~�0�#��j
In otherwords,for all ]@�xwTyh���k{ , theinteriorof balls

9 ��	ru8:B&
*��
��	su��C� and
9 ��	~��:B&
*�����	~�P�d� donotoverlap.

Notice that for all ]���w���{ , theball
9 ��	ru8:B&
*��
��	su��C� is insidetheball

9 ���L: . /a8c 3 .0/ �
������OI&
*��
��	su��C� . As

�
��	su��(� �R� �
�a8c 3 . / , weknow that
9 ���T: . / 2 .+�a8c 3 . / �
�����d� alsocoversball

9 ��	suZ:=&
*��
��	ru��d� for all ]@�xwz�k{ .
As theinteriorof balls

9 ��	su�:B&
*��
��	su��C� , ]v�IwT�k{ donot overlap,and �
��	su��(? �R� �
�a 243 . / , wehave

� � &('�Og&
*
]G�h��&(' �
���
�C�

1 ? �
a8� u � q

� �t&
*+�
��	su��C� 1 ?k{ � � &
*
]LO���&(' �
���
�C�

1 j

It impliesthat

{D��� �^]LO���&(')�P�t&('�Og&
*��
&
*��)]G�h��&(')� � 1 j

e
If the input is threedimensionaldomain,thenwe have the similar proof by usingthe volumeargument.

Also in orderto have thesetheoreticalguaranteesmakesense,&(' mustbechosensuchthat ��&('Ty�] .
Following from theabove lemmas,wehave themaintheoremof ourpaper.

Theorem 0.3(GoodPoint SetGuarantee) Algorithm Biting generatesa good point set for the meshless
methods.

Conclusion

A setof geometriccriteriato definea goodpoint setfor themeshlessmethodsis given. An algorithm,Biting
method, is proposedto generatesuchapointset.Next stepis to testtheperformanceof our theoreticallygood
algorithm,couplingit with ameshlessmethod.

A Practical Variation. Maintaininganadvancingfront of arcsandcomputingtheintersectionsof themcan
betimeconsuming.As apracticalversionof thealgorithm,onecanusesquaresor rectanglesasthepatches.

Adaptation. Adaptivity is a lot easierwith the meshlessmethods,as one doesnot needto maintainthe
topologyof themesh.However, maintainingthequalityof thepointsetis still anissuewhichcanbeachieved
by maintaininga spherepacking.Whenthepointsaremovedandbiggergapsareintroduced,thedomaincan
beoversampledandthenthepoints,whosespheresoverlaptoomuch,canbeeliminated.
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Anisotropy. Anisotropy becomesimportantwhenthereis a multiple length-scalephenomenoninvolvedin
the� problems,suchasshearbandingstrainlocalizationor compositematerials.Definitionof a goodpoint set
givenin thesecondsectioncaneasilymodifiedusingellipseshapedpatchesto cover thesetypesof problems.
Pointsetgenerationof suchproblemscanemploy ellipsepackingbiting method[8].

Acknowledgments

Thework reportedherewassupported,in part,by theCenterfor ProcessSimulationandDesign(NSFDMS
98-73945)andthe Centerfor Simulationof AdvancedRockets(DOE LLNL B341494). We would like to
thankJ.S.Chenof Universityof Iowa for his valuablecommentson thecriteriato definea goodpoint setfor
meshlessmethods.

References

1. I. BABUSKA AND J.M. MELENK , ThePartition of Unity Finite ElementMethodTechnicalReportBN-
1185,Institutefor PhysicalScienceandTechnology, Universityof Maryland,1995.

2. T. BELYTSCHKO, Y.Y. LU, AND L. GU, Element-freeGalerkinMethodsInternationalJournalfor Nu-
mericalMethodsin Engineering(37),229-256,1994.

3. T. BELYTSCHKO, Y. KRONGAUZ, D. ORGAN, M. FLEMING AND P. KRYSL , MeshlessMethods:An
Overview and RecentDevelopmentsComputerMethodsin Applied MechanicsandEngineering(139),
3-47,1996.

4. Y.J. CHOI AND S.J. K IM , NodeGeneration Schemefor theMeshFreeMethodby Voronoi Diagramand
WeightedBubblePackingFifth U.S.NationalCongressonComputationalMechanics,Boulder, CO,1999.

5. O. KLAAS AND M.S. SHEPHARD, An OctreeBasedPartition of Unity Methodfor ThreeDimensional
ProblemsFifth U.S.NationalCongressonComputationalMechanics,Boulder, CO,1999.
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