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Abstract—Extensive efforts have been made to study the
asymptotic capacity, delay, and their tradeoffs for large-scale
mobile ad hoc networks, under different mobility models and
communication models. Majority results adopt the fixed-rate
communication model, such as the protocol model and physical
model, and none of them breaks the limitation of tradeoffs:
delay/capacity = w(1) so far, even for the simplest i.i.d. model.
In this work, we investigate this problem under the Gaussian
channel model, and demonstrate that the delay-capacity tradeoffs
can be further improved by designing new two-hop strategy under
a general mobility model, called hybrid random walk mobility
model (HRWMM). We found that the capacity and delay have
several regions, depending on the freedom degree v € [0,1] of
mobile nodes. Specifically, we show that under the prerequisite
of ensuring the optimal per-session capacity, i.e., of order O(1):
(1) for 0 < v < 1, the optimal delay under the Gaussian channel
model is smaller than that under the protocol model or physical
model; (2) for v = 0, i.e., ordinary random walk model, it is
not larger than the delay under the protocol model or physical
model; (3) for v = 1, i.e., i.i.d. model, the capacity and delay can
simultaneously achieve the optimal order, i.e., O(1).

I. INTRODUCTION

In mobile ad hoc networks (MANETSs), the mobility of n-
odes brings challenges in the performance analysis of network
due to the frequent change of topology. A milestone work by
Grossglauser and Tse [1] showed that the MANET is scalable
in terms of unicast capacity with assistance of the mobility,
while the static ad hoc networks are not scalable [2], [3].
However, such a significant gain in capacity is obtained at
the cost of a very large delay. Since the capacity and delay
are both important in some application scenarios of MANETS,
it is necessary to examine the relationship between them, i.e.,
the delay-capacity tradeoffs [4]. The delay and capacity in
MANETs depend on the nature of the mobility model. The
mobility models that have been studied include i.i.d. mobility
model [4]-[7], random walk mobility model [8], Brownian
mobility model [8]-[10], random way-point mobility model
[9], [11], [12], and other mobility models [13]-[17].

In the literature, most of works adopt the fixed-rate commu-
nication model under which if the value of a given conditional
expression is beyond the threshold, the transmitter can send
the data successfully to the receiver at a specific constant rate;
otherwise, it cannot send data at any rate. The protocol model
and physical model defined in [2] both belong to fixed-rate
communication models. Under these models, a uniform lower
bound on the delay-capacity tradeoffs for any common mo-
bility models is that delay/capacity = w(1), which implies

that the optimal capacity must be achieved at the cost of a
very large (infinite) delay, even for the simplest i.i.d. model,
[18]-[22].

Besides the fixed-rate model, the wireless transmission is
often characterized as a model that determines the transmission
rate at which the transmitter can send its data to the receiver
reliably, based on a continuous function of the receiver’s
SINR. In this work, we call this type of models adaptive-
rate communication models. The Gaussian channel model
[3], [23], [24] belongs to this category. Unlike the fixed-rate
model, the adaptive-rate model permits the adaption of link
rate according to the condition of channels. A question is
whether the limitation of delay-capacity tradeoffs under the
fixed-rate communication model can be broken by adopting the
adaptive-rate communication model, such as Gaussian channel
model. We aim to study this question in this work, and our
results provide a positive answer.

Here we introduce a hybrid random walk mobility model
(HRWMM) [12], [25], denoted by M(~y), that is built by
slightly modifying the hybrid random walk model proposed in
[12] (see Section II-A for details). Here, the constant v € [0, 1]
is a parameter denoting the freedom degree (freedom exponent)
of mobile nodes. As v goes to 1, the freedom degree is
increasing; when v = 1, the freedom degree is extremely
large, and the mobility model is essentially the i.i.d. mobility
model. On the other hand, when ~ = 0, the freedom degree of
nodes under HRWMM is extremely limited, and it essentially
becomes the ordinary random walk model, [12], [25].

We adopt a modified version of the well-known two-hop
strategy [1] that has been extensively used under the proto-
col model or physical model. Our scheme is still a simple
threshold-based method: when the distance between two nodes
is at most of a threshold Ig, these two nodes are requested to
communicate directly; otherwise, they will communicate via
the two-hop relay strategy. To some extent, this work focuses
more on analyzing the asymptotic behavior under the Gaussian
channel model and the HRWMM mobility model rather than
designing a new communication strategy.

Main Contributions: Our major contributions of this work
are as follows:

» To the best of our knowledge, this is the first work to
study the asymptotic capacity and delay bounds for MANETS
under the Gaussian channel model, instead of the protocol
model or physical model.



» Depending on the critical parameter [g : [1,/n]! of a
given two-hop strategy S under the Gaussian channel model
Cgau () With a power attenuation exponent @ > 2, we derive
the asymptotic per-session capacity A(S, n) and average delay
bounds E(D(S,n)) under the hybrid random walk model
M(~) as following:

(a) when v =0,
o(1) when [ : [1, vlogn]
A(S,n) = { Q(}‘[’Sg)’;) when [s: (viogn, v/n]
O (nlogn) when I[g=0(1)
E(D(S,n)) =< Qigy) when g : (1,/n)
O(5em) when [ = 0(y/n)

Please see the illustration in Fig.1(a).
(b) when 0 < v < 1,

(S, n) (1) when g : [1, \/W]
)= ogn-n”
Q(l (g[s)2 ) when Ig: (\/W7 \/ﬂ

G} (ﬁ) when g : [17 lglg’yn
© <107g_r}> when g : [ lm ,n%}

B(D(S:m) =y ~\, [
Q(TlLogn) when Ig:(n2,\/n)
O(?Olgi;) when [g = ©(y/n)

Please see the illustration in Fig.1(b).
(c) when v =1, A(S,n) = O(1),

O () when Is: |1, /i)
E(D(S,1) =4 ©(logn) when Is: [\/cEs, Vi)
o(1) when [ = O(y/n)

Please see the illustration in Fig.1(c).

» Based on the results described in Fig.1, we can extract
some interesting results as following:

(a) Under the classical two-hop strategy, to achieve the
per-session capacity of optimal order, i.e., O(1), the criti-
cal distance is set to be [s = ©(—=) under the protocol
model or physical model [1]. Then, it is intuitive that by
a simple geometric scaling, i.e., by letting s = O(1), the
capacity for extended networks can be achieved of a con-
stant order. We first prove that the constant-order capacity
is achievable under the Gaussian channel model as long as
s : [1, min{n?/logn, /n}].

(b) Under the prerequisite of ensuring the optimal per-
session capacity, i.e., of order ©(1), when 0 < v < 1, the
optimal delay under the Gaussian channel model (GCM) is
smaller than that under the protocol model (ProM) or physical
model (PhyM); and when v = 0 (random walk model), it is
not larger than the delay under ProM or PhyM. Fig.2 shows
the comparison between the delay for extended networks under

!For conciseness, we let the expression f(n) : [¢1(n), p2(n)] represent
that f(n) = Q(¢1(n)) and f(n) = O(¢2(n)); let f(n) : (¢1(n), p2(n))
represent that f(n) = w(¢1(n)) and f(n) = o(p2(n)).
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Fig. 1. Capacity and delay depending on the freedom degree v € [0,1].

The solid curves denote the functions of delay and capacity in terms of [g.
The dashed curves denote the bounds on the functions of delay and capacity
rather than the precise functions.

GCM and that under ProM (or PhyM), when the capacity of
optimal order is achievable.

(c) For any v € [0,1], when the capacity is sustained
of order O(1), the delay is not increasing with [g; when
s = ©(y/n), a transition of delay occurs. For v = 1, i.e.,
ii.d. model, there is a transition of the optimal delay: the
capacity and delay can simultaneously achieve the optimal
order, ie., O(1), by the simple two-hop strategy. Please
see the illustrations in Fig.1(c) and Fig.3. This ideal result
comes from the extreme high freedom (v = 1) of nodes
under i.i.d. mobility model and the advantage of adaptive rate



A D, Optimal delay for capacity of optimal order (©(1)).

A D, Optimal delay for capacity of optimal order (O(1)).

A D, Optimal delay for capacity of optimal order (©(1)).
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Fig. 2. Optimal delay for the optimal capacity (of order ©(1)) and the corresponding critical parameter [g under the protocol model (ProM) or physical

model (PhyM) and Gaussian channel model (GCM).

A D, Optimal delay for capacity of optimal order (©(1)).
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Fig. 3. Optimal delay depending on the freedom degree ~. The solid curve

(including the single node) is the illustration of optimal delay in terms of ~;
the dashed curves denote the upper and lower bounds of the optimal delay.

under the Gaussian channel model. Indeed, this result breaks
the limitations of capacity-delay trade-offs derived under the
protocol model or physical model in the literature, [13], [14],
[17]-[19], [26]. We state that the transition is the result of the
singularity of i.i.d. model for extended networks.

(d) The capacity is independent of the specific value of
power attenuation exponent of Gaussian channel model if
o > 2, although it decreases with [g under some regimes.
The reason for this phenomenon lies in the fact that as the
link rate changes with the link length under Gaussian channel
model, the data transmitted via long-distance links are indeed
infinitesimal relative to those via short links when o > 2. The
derivative process can be found in Theorem 1.

The rest of the paper is organized as follows. We formulate
the system model in Section II. In Section III, we introduce
the classical two-hop strategy, and propose some properties of
extended mobile ad hoc networks, which will be used in the
analysis of delay and capacity done in Section I'V. Finally, we
draw some conclusions and future perspective in Section V.

II. SYSTEM MODEL
A. Network Model

We consider an ad hoc network consisting of n mobile
nodes, distributed uniformly on a square region R(n) =
[0, /7] x [0, v/n] initially. After that, all mobile nodes move in

> =

Fig. 4. The motion of a node under the mobility model. The model is defined
based on the lattices .(n, 1) and L(n,n"). As illustrated in the right figure,
when « = 1, the model is specialized to an i.i.d. mobility model (I.I.D. MM).

accordance with the hybrid random walk model introduced in
Section II-B. It is possible for a source node to send packets
to its destination node via multiple relays.

B. Mobility Model

We introduce a hybrid random walk mobility model
(HRWMM) by slightly modifying the hybrid random walk
model proposed in [12], [25]. Partition a square of area a into
% square cells of area c, let IL(a, ¢) denote the resulted /lattice
for ease of presentation. To avoid some trivialities, we assume
that f is always an integer. Divide the deployment region

R(n) = [0, v/n]? into n squares of area 1 (henceforth referred
as cells), resulting a lattice IL.(n, 1). We next divide the region
R(n) into n'~7 squares of area n” (henceforth referred as
super cells) for v € [0, 1], resulting a lattice IL.(n, n"). Clearly,
there are n” cells in each super cell. Each cell (or super cell)
is assigned a 2-D index (x,y) if it is in the (x + 1)th column
and (y + 1)th row of lattice L(n, 1) (or of lattice L(n,n")),
in the order from left to right and from bottom to top, e.g., the
cell in bottom left corner is indicated as (0,0). To deal with
the edge effects [2], we treat the deployment region R(n) as a
2-D torus. The cells (or super cells) adjacent to cell (or super
cell) (i,7) are the cells (or super cells) (i + 1,75), (i — 1,7),
(4,7 4+ 1), and (i,7 — 1), where the addition and subtraction
operations are performed modulo n (or n'~7).

Time is divided into phases of equal unit duration. Without
loss of generality, we assume the duration of each phase is
L, = 1. Initially, each node is equally likely in any of the
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Fig. 5. Under a given strategy S, a key parameter is the crifical distance g : [1, y/n], within which two nodes will communicate directly. Under the fixed-rate
model (F-R model, Figures (a) and (b)), e.g., the protocol model and physical model, the only feasible setting of Ig for achieving the capacity of ©(1) for
random extended networks is of [g = ©(1), which intuitively causes large delays. During each time slot, there are ©(n) feasible links (sender-receiver pairs)
of length O(1) along which a fixed constant rate can be sustained. Under Gaussian channel model (GCM, Figures (c) and (d)), the link rate is adjustable
according to SINR at the receiver. It is possible to achieve a constant capacity with g = w(1), which possibly decreases network delay. In each slot, ©(n)
links of length O(lg) can simultaneously achieve the rate of order Q(Ig®), where a > 2 is the power attenuation exponent.

cells, independent of the other nodes. At the beginning of each
phase, a node uniformly chooses one cell at random from a
randomly selected adjacent super cell, and jumps to the new
cell from its current cell. And it will stay at the new cell during
this phase. Please see the illustration in Fig. 4. Finally, as v —
1, the freedom degree of the mobile nodes increases. When
v = 1, the mobility model is essentially the i.i.d. mobility
model [12], [25].

C. Communication Model

In this section, we aim to select the optimal communication
model from some classical models.

When time is divided into slots of sufficiently small dura-
tion, it is reasonable to assume that the position of each node
is invariable (approximately) during a slot. Then, how small
duration, denoted by Lg, can ensure the above assumption?
Since the motion of every node happens instantaneously at
the beginning of each phase, it follows that the position of
each node remains the same during a whole phase. Hence, we
can set Ly = L, = 1. We call the time slots of duration L,
static slots in the following content. Intuitively, we can treat
the MANET as a static network during a static slot. Note that
based on n mobile nodes, there are n(n — 1) possible directed
communication links each of which is associated with a unique
pair of transmitter and receiver. For any directed link i, we
use t; and r; to denote its transmitter and receiver. Different
from a static network, the position of each node may vary
significantly as time goes on. For ease of explanation, let 4¢,
t! and r!, denote i, t; and r; presented in the static slot ¢,
respectively.

Generally, there are three classical types of networking-
theoretic communication models in the study of scaling laws
of wireless networks: the protocol model (2], physical model
[2] and Gaussian channel model [3], [24]. We only introduce
the latest one, while the detailed definitions of the protocol
model and physical model are moved into Appendix A-A
of our technical report [27] due to limited space. Assume
that the bandwidth is B = O(1), and let | - | denote the

Euclidean distance between two nodes. Let ‘Kgau(a) denote
the family consisting of all sets of available links that can be
simultaneously scheduled under the Gaussian channel model.

Definition 1: Under Gaussian channel model %, (o), for
any scheduled set of links, say S, the rate of a link, say i,
is achieved of

R = B x1-{i' € S} x log(1 +SINRY), (1)
where SINR} = No+Z,v:Sf(,t{:,’:ZP-l(tj,r
attenuation function.

The wireless propagation channel typically includes path
loss with distance, shadowing and fading effects. As in [2],
[3], [24], we assume that the channel gain depends only
on the distance between the transmitter and receiver, and
ignore shadowing and fading. Following the setting in [3],
[28], for extended networks studied here, we let /(t!,r!) =
min{1, [t} —rf|7*}, where @ > 2 is the power attenuation
exponent.

Taking both the practical reality and capacity optimization
into consideration, we state that Gaussian channel model is
the optimal communication model among these three models.
Please see the detailed analysis in Appendix A-C of our
technical report [27].

7y, and £(-) is the power

D. Capacity and Delay

We introduce the definitions of capacity [1], [12], [29] and
delay [12], [29] in mobile ad hoc networks.

1) Network Capacity: The definition of network capacity
is based on the stability of network. Data packets are assumed
to arrive at node v; with probability \; during each slot, i.e.,
in a Bernoulli process of arrival rate \;. The network is stable
if there exists a scheduling scheme under which the queue at
each node does not expand to infinity as time goes to infinity.
Thus, the per-session capacity of the network is the maximum
rate that the network can stably support.

2) Network Delay: The delay for a packet is defined as the
time it takes the packet to reach its destination after it arrives
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Fig. 6. Illustration of the routing path of Packet z for session k, Py . =
i t . . L
{lkfz7 Qk%z}. t1,1,~ is the source node, ra 1, . is the destination node; rq j, »

. . . t1 . : to t1 t2
is the receiver of link 1,"  and the transmitter of link 2,2 . rit, . andry?,

denote the positions of node rq,k,. at the static slot 1 and té, respectiv’el’y.

at the source. The total network delay is the expectation of
the average delay over all packets in the long term.

III. COMMUNICATION STRATEGY

Under a given communication strategy S, a key parameter is
the critical distance, denoted by [g, within which two nodes
can communicate directly. Then, it holds that [g : [1,/n].
Please see the illustrations in Fig.5. Depending on a specific
mobility model and the critical distance [g, we can define the
contact interval [11] during which data can be transmitted
continually between the nodes with a distance of order O(lg);
and we define the waiting interval as the time that it takes
a packet at a relay node to wait for the next transmission.
We design the communication strategy based on the lattice
L(a,c¢) defined in Section II-B. Then, under the strategy S,
we always say that two nodes can communicate directly if
they are located in the same cell in L(n, (Ig)?).

Since this is the first work, to the best of our knowledge,
studying the asymptotic capacity and delay under the Gaussian
channel model, we limit the communication strategies to the
class without using the replication policy* [5] to stress the
new insight different from that under the fixed-rate model,
i.e., protocol model or physical model.

A. Classical Two-Hop Strategy

Two-hop strategy was first proposed by Grossglauser and
Tse [1]. Under the two-hop strategy, for each packet z from
session k, the complete relay path consists of at most two links.
We denote such a path by Py . = {1;!,,2;?.}, where ¢, and
to are two disjointed slots. Note that there is an alternative
case in which the packet z is directly transmitted from the
source to its destination. For this case, the relay path can be
denoted by Py.. = {1;!_}.

There are generally three phases under the two-hop strategy:
(1) S=R phase, during which the source node t; j , transmits
the packet z to a relay node ryy ., i.e, tok .5 (2) waiting
phase, during which ry j ., holds the packet z until it meets
the destination node rs ;. within a distance of [g, and (3)
R—D phase, during which rq . transmits the packet z to
ry 1, .. Please see the illustration in Fig.6.

2Under the replication policy, the source node can send duplicate copies of
the packet to new relay nodes.

S—R Waiting R—D
L L L
I I I I I I I I I
Lo | | | | b |
Ls | | | | | | | | >
I I I I I I I I I
T T T T T T T T T
| | | | | | | | | Static Slots
I I I I I I I I I
Lyt | | | | | | |
L L L L L L L L L >
Motion Phases

Fig. 7. Decomposition of Two-Hop Communication. L. and Ly, denote the
average duration of the contact intervals and waiting intervals, respectively.
Ls denotes the duration of static slots. L, = 1 denotes the duration of phases
under the HRWMM.

Here, the duration of S—R phase and R—D phase is of
the same order as the contact time with the parameter [g
(Definition 4); the duration of the waiting phase can be derived
based on the first hitting time (Definition 2, Corollary 1).
S—R phase and R—D phase are the contact intervals, and the
waiting phase is the waiting interval. Please see the illustration
in Fig.7. We determine these intervals in Section III-B2 and
Section III-B3.

B. Some Properties of Mobile Networks

The following network properties to be examined depend
on the value of lg, which denotes the critical distance of a
given communication strategy S.

1) Spatial Multiplexing in Extended MANET: Note that if
we can design a communication strategy under which [g =
O(1), the physical model or protocol model can work as well
as Gaussian channel model in terms of reality, [24]. However,
in order to ensure the connectivity, we cannot set [g = O(1)
under the static random extended network where n nodes are
uniformly at random in the region [0,+/n]?. In contrast, the
mobility of nodes in MANETSs makes it possible to design
such strategy. On the other hand, since we adopt the Gaussian
channel model, we can set the parameter [g of our scheme
to be any value within [1, /n]. Intuitively, there is a trade-off
between the throughput and delay according to [g.

We carry out our analysis based on lattice IL(n, ¢(n)), where
¢(n) > 2. Denote the cell in the i+ 1th row and j+ 1th column
by C; ;, and denote the number of mobile nodes in C;; as
n; j. Furthermore, we define a sequence of sets of cells. For
h=0,1,-+- ,u,v=0,1,--+ ;pu,and 0 < 4,5 < y/n/c(n)—1,
we define a set of cells as

Cho(p) :={Ci 4| i mod (pu+1) = h,j mod (p+ 1) = v},

where p > 1 is an integer. Then, |Cp, ,(1)| = ﬁ oL
where | - | denotes the cardinality of a discrete set.

Lemma 1: Under any stationary and ergodic mobility mod-
el, at any time ¢, it holds that:

1) When ¢(n) = O(logn), define the number of cells in
Chv (1) containing at least 2 nodes as a random variable
&, then there is a constant #; > 0 such that & > 60 - c&) R
w.h.p..




2) When ¢(n) = Qlogn), for all cells in the lattice
L(n,c¢(n)), the number of ad hoc nodes is uniform of
order ©(c¢(n)) w.h.p..

Proof: For the first case, it can be easily proven by
Chebychev’s inequality (Lemma 6). For the second case, it
can be proven by VC Theorem ( [30]) by a similar method
to that of Lemma 18 in [31]. All the proofs are based on the
fact that under any stationary and ergodic mobility model, the
distribution of nodes at all times remains to be uniform. H

Next, we give an important result of the spatial multiplexing
in extended MANETs.

Lemma 2: Under a Gaussian channel model €gay () with
a > 2, when [g = Q(1), there exists a strategy S under which
there is a scheduling set S* such that

1) |S*| > ko - n, where |S?| represents the total number of
links contained in S*, and k¢ > 0 is a constant;

2) for any link i* € S, R = Q((Is)™?).

Proof: We will prove the lemma according to [g.

(a) When Is = O(1), i.e., ¢(n) = O(1).

At a static slot ¢, for any Cj, ,(u), according to Case 1 of
Lemma 1, there are at least 6, - ﬁ cells containing 2 nodes.
We limit the links within the same cells, and choose a link
from each cell to construct the set S?. Obviously, it holds that
|St| > 61 - n/e(n).

For any link i* € 8¢, the strength of signal at the receiver
r! is bounded by

St > P-min{1, (v/2- ¢(n))"} = O(1).

The sum of interference at r! is bounded as
0o 1

L<8P-()™ %) T DRI

Since « > 2, then 1! = O(1). According to Equation (1),
it holds that R} = ©(1). Since ¢(n) = O(1), we get that
R = Q((c(n)" %),

(b) When [g = Q(y/logn), i.e., ¢(n) = Q(logn).

According to Case 2 of Lemma 1, there is a constant 3 > 0
such that n; ; > 05 - ¢(n) for all cells in L(n, ¢(n)). Next, we
construct the set S*. From any cell C;; € Cp, ,(3), choose
05 - ¢(n) nodes, and correspondingly choose 63 - ¢(n) nodes
from the cell C; j12 (or Cito ;). We make these 63 - ¢(n) pairs
communicate directly, and finally obtain the set S¢ consisting
of |Ch.u(3)] - 265 - ¢(n) links. Then, it holds that |S*| > 65 - n,
where 63 < £ - 5.

For any link i* € S?, the strength of signal at r! is:

St > P (V10 ¢(n)) ™" = Q((e(n)) "~ %).
The sum of interference at rf is bounded by

[ < P-(f3c(n) —1)-(c(n)" %
(¢

+8P - O3c(n) (71))_% Z:;o m

2)

< P-(1+864)-(c(n)' "%,

where 04 > 77 = is a constant with o > 2, then

e

L[ =0((c(n)'"%),

and then, I = o(1). According to Equation (1), it holds that
Ri = Q((c(n)) " %).

(c) When [g = Q(1) and Is = O(y/logn), i.e., ¢(n) = Q(1)
and ¢(n) = O(logn).

By using Case 1 of Lemma 1| and a similar procedure of
the case when s = Q(y/logn), we can prove the result of
this case. |

From Lemma 2, the following result obviously holds.

Lemma 3: During any static slot ¢, the total throughput
of network can be, w.h.p., of order Q(n - (Ig)~%) under the
communication strategy with Ig.

2) Duration of Contact Intervals: Now, we derive the
duration of contact intervals under a given communication
strategy S, denoted by 7¢([g).

Lemma 4: Under a communication strategy S, w.h.p.,
E(7¢(Ig)) is of order *

2
Q (mﬁm) when g : [n? - \/logn, /]
Q(1) ls:[1, n? -logn

Proof: By Lemma 9, we study directly the first exit time
to derive the order of contact time.

(a) When [s = Q(n? - logn).

Let (z4,y;) denote the cell containing the node %, and define
Tg’””(h) = inf{t>0: |z, — x| > h};
TEW(U) 1nf{t >0: |yt — yO‘ > ’U}.

By a simple geometrical argument, we have

[ [
)LV i),
2n2 2n2

Using the union bound, we can obtain that

when

P(re(ls) <L) <P (ﬁ;w(

P (rp(ls) < L) < 2P (T};@(Q;S;) < L> .

Before the phase 7z (lg), it holds that

t
Ty = X + E _Siy
=0

where all s; are i.i.d. random variables taking their values in
{-=1,0,1} with probabilities {1, 3,1}, respectively. Due to
the symmetry of z;, it is clear that the reflection principle for
1-D random walk also holds in case of x;. Thus, we have

v | [

where |-| denotes the greatest integer function. Each s; has
mean 0 and variance %, then

Var(x; — xg) = t/2.

By using Lemma 7, we have, for ¢ > ;—Sl,
n 2

[S \/7 [S
Plxy—x0>— = Ploy—20>\ 2 ——~
<t 0_2n2> (t 0=V2 \/2t~n2>

3Throughout the paper, for a regime g : [f(n), g(n)] in an expression,
if f(n) =©(g(n)), then [s = O(f(n)); if f(n) = w(g(n)), it means that
the regime [g : [f(n), g(n)] is empty.




< exp(—(s/n?)? )

(1s)?

Let L = we have

16logn-n™’
2
P C) R
~ 16logn-nY ) — n?2

P (TE([S)
(Is)* ).

Then, E(7g(ls)) = Q50

(b) When [g = O(n% -/logn).

It is straightforward that 75 (Is) > L. Since L, = O(1),
we get that E(tg(Is)) = Q(1). [ |

3) Duration of Waiting Intervals: Let Ty (Is) denote the
duration of waiting intervals in a given communication strategy
S. Then, we have

Lemma 5: Under a communication strategy S, w.h.p.,
E(rw (Ig)) is of order

Q(Tﬁj;) when [g:[1, /n)
C) (([;L)Q i:i,g%) when [S : [1, \/’E) M [17 n%]
6(1) when [S = @(\/ﬁ)

Proof: Let T denote the time required by nodes to enter
the same cell, starting from their initial random and uniformly
distributed positions, i.e., the first hitting time (Definition 2);
and let 7 denote the time between successive hitting states,
i.e., the return time (Definition 2). Now, we analyze the order
of 7w (Ig), i.e., the duration of waiting intervals in a given two-
hop communication strategy S under the hybrid random walk
mobility model, according to L(n, (Is)?). In the following
analysis, @;, ¢ > 1, denote some proper constants, the specific
values of them do not change our results in order sense.

Recall that the mobility model is based on a lattice (torus)
L(n,nY). According to Corollary 1, w.h.p., it holds that

E(1y) = O(n'™7 -logn); E(tg) = O(n'77) 3)
(@) When [g : [1, v/n) N[1, n?]. We have

= lg)? (g)?
w(ls) = Z(TH +k-TR) (1 — @2 (713 )k Cp1 (n’3 )
k=0
where 0° = 1. Then,
E(mw(Is))

2 Y
= W17Sl§) (B(rw) - ey + ]%(TR) .
= O(E(r)) + O(E(7r) - (%)
Hence, we have that
n
E ls)) =0
(TW( S)) (([8)2
(b) When [g = O(y/n). It is straightforward that
E(mw (Is)) = ©(1).
(c) A general lower bound of E(ry (Ig)) for Ig : [1, /n).
By geometrical argument, it is clear that

E(rw (Is)) = O(E(tw (¢3vn — 1s))).
Then, according to Lemma 4, we have that for [ : [1, \/n),
E(rw(lg)) = Q(n'~7/logn).

Combining all cases above, we complete the proof. |

n'3 ()" 1))
(Is)*

+n'77 - logn).

IV. CAPACITY AND DELAY ANALYSIS

Following the setting, we set the number of sessions be of
©O(n). Since we only care the order of results, we will directly
introduce some constant coefficients in the proofs of Theorem
1 without detailed explanation. Specifically, all used c¢;, v;,
and 7;, for ¢ > 1, are some proper positive constants.

We propose the following result.

Theorem 1: Under a Gaussian channel model €jq. (), by
using the two-hop strategy S with the critical distance Ig, the
average throughput A(S,n), w.h.p., can be achieved of:

Q(lo(g[:)'fjv) when g : [n2y/Iogn, /1]
o(1) when g : [1, n2y/Iogn| N[1, /7]
The average delay, denoted by E(D(S,n)), is of

O (i + 2E4) when Is:[L,n#]N[L,y7)

“4)

Q(ﬁ;; +1) when g : [n?,/n) 5)
O(bgm +1) when g = ©(y/n)

A. Capacity Analysis

By Lemma 4, when ¢; -n2 - ylogn < lg < coy/n, the
duration of S—R phase and R—D phase can be denoted by

2
- lo(g[i,)-n’Y; when ¢3 < Is < ¢; - n? - /logn, the duration

of S—R phase and R—D phase can be denoted by a constant
2

71 (Cl) .

1) When ¢, -n? - Viogn < Is < coy/n: Consider any
communication-pairs under the scheme S, denote the distance
between the pairs by d¢ € (0, [s]. We compute the achievable
traffic between the pairs in two disjointed cases, i.e., ¢ €
[c; -n? - /logn,lg] and ¢ € (0,¢; - n3 - /logn). Then,
divide the total achievable traffic of both cases by the duration
of S—R phase and R—D phase, i.e., 7 - lo(g[i,)-n"f , We can obtain
the average throughput under the scheme S. For the latter case,
the duration is not less than 7 - (c;)? that is feasible even when
s =c3<q ‘n2 - v/logn. Therefore, according to Lemma 3,
there exists a constant v; > 0 such that the average throughput
is bounded as in Equation (6~8). Since o > 2, there exists
a constant ¢; < ¢ such that A\(S,n) > ¢7 - logn - n?/(Is)?.
Then, we have that A\(S,n) = Q(loﬁg)';ﬁ ).

2) When ¢z < Ig < ¢, -n? - v/logn: For this case, there
exists a constant vy such that

A(S,n) > vy -7y - (e3)"Y/11(c1)?.

Thus, A\(S,n) = Q(1). Under any noncooperative commu-
nication strategy S, due to the presence of interference, the
average throughput holds that A(S,n) = O(1). Then, we get
that A(S,n) = O(1).
B. Delay Analysis

For simplicity, let E(D) denote E(D(S,n)) in this part.
According to the definition of network delay, and based on

Lemma 5, we can easily obtain the results.
1) When Ig : [1,n2] N [1,/n): It holds that

E(D)z@(

n

(Is)?

+n1_'y~logn+2) .



1 Is —a 71 * 1'2 —a
)\(S,n) Z W . 5 v - dli'y + Tg - U1 * (03) (6)
oareay \Jen? iogn ogn-m
B 201 « ( 1 B 1 ) v 7o (e3)”* logn-n? @
 (@=2)-(Is)* " ()22 @ D3 (logn) 3t (Is)o 2 71 (Is)?
1 logn -n” 1
= c4- = +c5 - —Cp - . 8
4 n(a72)% . (logn)ffl . ([8)2 5 ([5)2 6 ([S)a (8)
Here, 75 < 71 - (e1)2 &4 = Ggpiipems. ¢ = 520" and ¢ = 2%,
2) When lg : [n?,n? - \/Togn] N[1,y/n): It holds that REFERENCES

D) =a("
= 2 .
(D) (1ogn " )
3) When Ig : [n? - \/Togn,/n): It holds that
nt=7 ([5)2
E(D) =Q B 2).
(D) (logn)+0(lognon7>+®( )
Then, B(D) = Q(%— +1).

4) When Ig = ©(y/n): It holds that

E(D) = 6(1) + O (bgn"m> +O(2).

Then, E(D) = O(%— +1).
By dividing the regime of freedom degree « : [0, 1] into
three parts, i.e., vy =0, 0 < v < 1, and v = 1, we can obtain

the final results described in Fig.1, Fig.2, and Fig.3.

V. CONCLUSION

We study the asymptotic unicast capacity and delay for
mobile ad hoc networks under the Gaussian channel model,
rather than the protocol model and physical model as in the
literature. We derive the capacity and delay depending on
different freedom degree of nodes, and deduce some useful
results.

There are two interesting issues left to study. The first is
to examine the asymptotic capacity and delay under commu-
nication strategies with redundancy. The second is to extend
the results to other communication patterns, such as multicast
and broadcast sessions.
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APPENDIX A
PROBABILITY TOOLS

Let E(X) and Var(X) denote the mean and variance
of the random variable X, respectively. First, we recall two
probability inequalities that are used in the analysis.

Lemma 6 (Chebyshev’s Inequality, [32]): Let X be a ran-
dom variable, then

P(IX — B(X)| > ) < Var(X)/e,

where ¢ is an arbitrary positive value.

Lemma 7 (Hoeffding’s Inequality, [32]): Let X1, Xo, -,
X, be i.i.d. random variables taking values in [—d, d] for 0 <
d < o0, and suppose E(X;) = 0 for all i. Let S,, = > | X;.
Then, for all v € [0,2+/Var(S,,)/d], it holds that

P(S, > v-+/Var(S,)) < exp(—v?/4).

APPENDIX B
RANDOM WALKS ON GRAPHS

First, we introduce two key notions: first hitting time and
first return time [33], which will be used for studying the
delay under our scheme. As in [12], it is more convenient

to define these two notions in discrete time. Let X (¢) be a
Markov chain taking values in the set of states Sx, and with
a stationary distribution of X.

Definition 2 ( [33]): The first hitting time for the set of
states A C Sx, denoted by 75 (A), is defined as

Ta(A) =inf{t > 0: X(t) € A};
the first return time for A C Sx, denoted by 7r(A), is defined

as
rr(A) = inf{t > 1: X(t) € A, X(0) € A},

where X (0) follows the distribution of X.

Next, we recall some results that will be used in the analysis
of delay. We focus on a d-dimensional torus, denoted by T4,
which is the set of d-dimensional integers i = (iy,42, - ,iq)
modulo £, considered in the natural way as a 2d-regular graph,
i.e., a graph where each vertex has 2d neighbors [34], on k<
vertices ( [33], Chapter 5, pp. 32-33.). We first introduce the
result about these two notions for a single state in T§.

Lemma 8 ( [33]): Denote the first hitting time and first
return time for a single state on a d-dimensional torus T¢
by 7y and TR, respectively, then, w.h.p., it holds that

E(7ir) = O(k'log k%), E(rz) = (k).

The description of mobility model is based on the 2-
dimensional torus lattices, say L(a,c). A torus lattice L(a, ¢)
can be transferred into a 2-dimensional torus T¢ with d = 2
and k = \/é . We also denote the first hitting time and first
return time for a single state on a torus lattice L(a,c) by 7
and 7R, respectively. According to Lemma 8, we have,

Corollary 1: For a single state on a torus lattice L(a, c),
w.h.p., it holds that

a

E(7i) = O(% - (loga — log ), E(ru) = O().

Next, we introduce the notions of the first exit time [33].
Let U(z,r) denote the set of points within R(n) such that
lz—yl <7

Definition 3 ( [33]): For any node i, the first exit time of
U(i% ), denoted by 7(r), is defined as

te(r) =inf{t > 0:4" ¢ U’ r)}.

Similar to the first exit time, we introduce the contact time.
Definition 4 ( [11]): For any two nodes, say ¢ and j, the
contact time 7¢(r), is defined as

1o(r) =inf{t > 0: 5 ¢ U@, r),;° U@, r)}.

About the contact time and first exit time, by a simple
geometrical argument, the following result holds.

Lemma 9 ( [33]): Under the hybrid random walk mobility
model, w.A.p., it holds that E(7¢(r)) = O(E(1g(r))).
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